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Deployable Prismatic Structures
With Rigid Origami Patterns
Rigid origami inspires new design technology in deployable structures with large deploy-
able ratio due to the property of flat foldability. In this paper, we present a general kine-
matic model of rigid origami pattern and obtain a family of deployable prismatic
structures. Basically, a four-crease vertex rigid origami pattern can be presented as a
spherical 4R linkage, and the multivertex patterns are the assemblies of spherical link-
ages. Thus, this prismatic origami structure is modeled as a closed loop of spherical 4R
linkages, which includes all the possible prismatic deployable structures consisting of
quadrilateral facets and four-crease vertices. By solving the compatibility of the kine-
matic model, a new group of 2n-sided deployable prismatic structures with plane symmet-
ric intersections is derived with multilayer, straight and curvy variations. The general
design method for the 2n-sided multilayer deployable prismatic structures is proposed.
All the deployable structures constructed with this method have single degree-of-freedom
(DOF), can be deployed and folded without stretching or twisting the facets, and have
the compactly flat-folded configuration, which makes it to have great potential in engi-
neering applications. [DOI: 10.1115/1.4031953]
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1 Introduction

Deployable structures are a kind of unique engineering struc-
tures whose geometry can be changed largely to meet the practical
requirements, such as solar array in aerospace, retractable roofs
for big stadium, expandable stents to treat the blockage in blood
vessels, and so on. Rigid origami is a special form of origami,
whose surfaces surrounded with crease lines are not stretching or
bending during folding. This paper is dealing with the rigid
origami inspired deployable structures.

The deployable/foldable tubular structures with origami pat-
terns have attracted a lot of interests from mathematician and
engineers. Miyashita et al. [1] developed self-folding functional
electric devices with origami crease patterns. Many types of pat-
terns to fold cylinders or cones axially have been presented [2,3].
Guest and Pellegrino [4] studied the geometry and mechanical
property of the triangulated pattern in cylinders. Thin-wall struc-
ture with origami patterns was tested as energy-absorbing devices
[5–7]. A diamond pattern was used in the beverage cans in Japan
[8] to reduce the weight and make the crashing easy. A cylinder
folded radially was used as a medical stent [9]. To achieve pro-
grammable worm robots with desired motion control, the shape
memory alloy actuators were integrated into the structures [10].
To realize the desired deploying and folding process, large defor-
mations on the facets or multi-DOF movement were introduced in
these structures, which increased the difficulty in the control of
their precise and repetitive deployment.

To explore novel deployable origami structures with rigid fac-
ets and simple motion, intensive research has been carried out in

the field of rigid origami. Watanabe and Kawaguchi [11] proposed
a method to judge the rigidity of known origami patterns.
Chudoba et al. [12] used the folding technique, inspired by the
Yoshimura crease pattern, to produce spatial structures from con-
tinuously thin-walled rigid composite plates. The folding behavior
of a rigid-foldable bellows was examined experimentally and ana-
lytically [13]. By configuring mechanical joints (folds and elbows)
in a unit and repeating the units in the axial direction, a variety of
cylindrical deployable structures with rigid quadrilateral panels
was developed and analyzed by Tachi [14,15]. Meanwhile, from
the kinematic point of view, the movement of the structures with
rigid origami patterns is a type of mechanism motion. The vertices
with four-crease lines are equivalent to the spherical 4R linkages
with 1DOF [16,17]. A crease pattern with more than one vertex
can be considered as an assembly of spherical linkages. Wei and
Dai [18] analyzed an origami carton by representing it with one
planar four-bar loop and two spherical 4R linkage loops. Wu and
You [19] proposed a new crease pattern that allows a tall box-
shaped bag with a rectangular base to be rigidly folded flat. With
the tessellation method for the mobile assemblies of spatial link-
ages [20–22], Wang and Chen [23] proposed the mobile assembly
of spherical 4R linkages to study the Kokotsakis type of the rigid
origami patterns. However, the spherical 4R linkage method has
yet to be applied to analyze the deployable prismatic structures,
which requests additional closure compatibility conditions [24].

In this paper, in order to design the deployable prismatic struc-
tures with rigid origami patterns, consisting of quadrilateral panels
and four-crease vertices, a kinematic model of spherical 4R link-
ages assembly will be set-up and the general compatibility condi-
tions will be solved. The layout of the paper is as follows. In Sec.
2, the kinematics of the spherical 4R linkage will be introduced.
The geometric and kinematic compatibility conditions for the mo-
bile assembly of spherical 4R linkages will be derived. Section 3
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obtains the rigid origami patterns for two groups of the 2n-side
prismatic structures. In Sec. 4, the discussions are carried out on
the geometry conditions of constructing the straight and curvy
multilayer structures. And, the conclusion on the general design
method for the multilayer deployable prismatic structures is
presented in Sec. 5.

2 Compatibility Conditions on the Mobile Assembly of

Spherical 4R Linkages

In Fig. 1, the coordinate frames on the links and joints are set-
up following the D–H parameters [25], in which Zi is the coordi-
nate axis along the revolute axis of joint i; Xi is the coordinate
axis commonly normal to Zi�1 and Zi, and Xi ¼ Zi�1 � Zi; Yi is
the coordinate axis commonly normal to Zi and Xi, which is not
shown in Fig. 1; hi is the revolute variable of joint i, which is the
rotation angle from Xi to Xiþ1, positively about Zi; di is the offset
of joint i, which is the common normal distance from Xi to Xiþ1,
positively along axis Zi; aiðiþ1Þ is the length of link i(iþ 1), which
is the common normal distance from Zi to Ziþ1, positively along
axis Xiþ1; and aiðiþ1Þ is the twist of link i(iþ 1), which is the rota-
tion angle from Zi to Ziþ1, positively about axis Xiþ1.

For a general spherical 4R linkage, all four revolute axes inter-
sect at one vertex, see Fig. 2. Hence, its parameters are

d1 ¼ d2 ¼ d3 ¼ d4 ¼ 0

a12 ¼ a23 ¼ a34 ¼ a41 ¼ 0
(1)

The relationships between the revolute variables of two opposite
joints, hi and hiþ2, are given in Ref. [26]

cos a iþ1ð Þ iþ2ð Þ cos a iþ2ð Þ i�1ð Þ � cos ai iþ1ð Þ cos a i�1ð Þi
sin a iþ1ð Þ iþ2ð Þ sin a iþ2ð Þ i�1ð Þ

þ
sin ai iþ1ð Þ sin a i�1ð Þi

sin a iþ1ð Þ iþ2ð Þ sin a iþ2ð Þ i�1ð Þ
cos hi ¼ cos hiþ2 (2)

in which i ¼ 1; 2; 3; 4 and cycled counterclockwise. Equation (2)
will be represented as

cos hiþ2 ¼ f cos hið Þ (3)

for short in the following analysis.
An assembly of two spherical 4R linkages j and jþ 1 is shown

in Fig. 3. The notation j represents the spherical 4R linkages and

j¼ I, II, III… N. Thus, parameters aj
iðiþ1Þ, hj

i, X
j
i, Z

j
i, and f j repre-

sent the twist aiðiþ1Þ, the revolute variable hi, the axis Xi, the axis

Zi, and the function f of linkage j, respectively. Length Lj
jþ1 is the

distance between the vertices of linkage j and jþ 1. Without loss

of generality, two linkages are connected by aligning axes Zj
1 and

Zjþ1
3 , which are in opposite directions to ensure that the axes

always point to its own sphere center, as shown in Fig. 3. The

planes Zj
1 � Zj

2 and Zjþ1
2 � Zjþ1

3 coincide, so are planes Zj
4 � Zj

1

and Zjþ1
3 � Zjþ1

4 , i.e., the normal vectors Xj
2 // Xjþ1

3 and Xj
1 // Xjþ1

4 .

Therefore, the rotation angles hj
1 and hjþ1

3 are always equal during
the movement of the assembly

Fig. 1 Setup of the coordinate system and linkage geometric
parameters in the links (i 2 1)i and i(i 1 1) connected by joint i

Fig. 2 Definition of a single spherical 4R linkage

Fig. 3 Assembly of two spherical 4R linkages j and j 1 1

Fig. 4 Closed assembly of N spherical 4R linkages
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hj
1 ¼ hjþ1

3 (4)

To form the deployable prismatic structures, N spherical 4R
linkages are assembled into a closed chain, see Fig. 4. In each

linkage, the rotation angle hj
1 can be considered as an input while

hj
3 becomes the output, or vice versa. This assembly can be con-

sidered as an open chain closed by connecting linkage I and link-

age N, which requests hN
1 ¼ hI

3.
Due to equation cos hiþ2 ¼ f cos hið Þ and Eq. (4), the kinematic

compatibility condition

cos hN
1 ¼ cos hI

3 ¼ f I cos hI
1

� �
cos hI

1 ¼ cos hII
3 ¼ f II cos hII

1

� �
�

cos hN�2
1 ¼ cos hN�1

3 ¼ f N�1 cos hN�1
1

� �
cos hN�1

1 ¼ cos hN
3 ¼ f N cos hN

1

� �
)

cos hN
1 ¼ f I f II � � � f N�1 f N cos hN

1

� �� �
� � �

� �� �
(5)

must be satisfied. Considering Eq. (3), Eq. (5) can be represented
as

cos hN
1 ¼ AI þ BIAII þ � � � þ BIBII � � �BN�1AN

þ BIBII � � �BN cos hN
1 (6)

in which

Aj ¼ cos aj
23 cos aj

34 � cos aj
12 cos aj

41

sin aj
23 sin aj

34

; Bj ¼ sin aj
12 sin aj

41

sin aj
23 sin aj

34

Equation (6) holds when AI þ BIAII þ � � � þ BIBII � � �BN�1AN ¼ 0
and BIBII � � �BN ¼ 1, which leads to

aj
12 þ ajþ1

23 ¼ p; aj
41 þ ajþ1

34 ¼ p (7)

Thus, the axes in Fig. 4 must be

Zj
2==Zjþ1

2 ; Zj
4==Zjþ1

4 (8)

Therefore, all the Zj
2 axes and planes between the adjacent axes

form a prism, which comprises a closed belt of quadrilateral fac-

ets. So do the Zj
4 axes. The polygon connecting the vertices of all

the linkages with axes Zj
1 and Zj

3 can be considered as the result of
the intersection of two prisms, namely, upper prism (UP) and

lower prism (LP). The polylines formed by axes Zj
2 and Zj

4 are
called the ridgelines of the prismatic structures.

In each prism, a closed loop is established. Therefore, following
two geometric compatibility conditions should be satisfied:

T
I Nð Þ
UP � � �T

jþ1ð Þj
UP � � �TðIIÞIUP ¼ I

T
IðIIÞ
LP � � �T

j jþ1ð Þ
LP � � �T Nð ÞI

LP ¼ I
(9)

in which

T
jþ1ð Þj

UP ¼ Rz hjþ1
2

� �
Rx ajþ1

23

� �
Rx pð ÞTz Lj

jþ1

� �
Rx aj

12

� �
T

j jþ1ð Þ
LP ¼ Rz hj

4

� �
Rx aj

41

� �
Rx pð ÞTz Lj

jþ1

� �
Rx ajþ1

34

� �

As shown in Fig. 5, the matrix T
jþ1ð Þj

UP represents the transforma-

tion from the coordinate frame Xjþ1
2 – Zjþ1

2 to Xj
2 – Zj

2 in the UP.

The matrix T
j jþ1ð Þ
LP represents the transformation from the coordi-

nate frame Xj
4 – Zj

4 to Xjþ1
4 – Zjþ1

4 in the LP. Homogeneous matri-

ces Rz hið Þ is the rotation hi about axis Zi, Tz Lj
jþ1

� �
is the

translation Lj
jþ1 along axis Zi, and Rx aiðiþ1Þð Þ is the translation

aiðiþ1Þ along axis Xiþ1.

The two equations in Eq. (9) can be rearranged as following:

T
I Nð Þ
UP T

N N�1ð Þ
UP � � �T nþ2ð Þ nþ1ð Þ

UP ¼ T
IIð ÞI

UP

h i�1

T
IIIð ÞII

UP

h i�1

� � � T
nþ1ð Þn

UP

h i�1

(10a)

T
IðIIÞ
LP T

IIðIIIÞ
LP � � �Tn nþ1ð Þ

LP ¼ T
Nð ÞI

LP

h i�1

T
N�1ð ÞN

LP

h i�1

� � � T
nþ1ð Þ nþ2ð Þ

LP

h i�1

(10b)

where n refers to an arbitrary linkage in the closed loop. Equation
(10) contains the compatibility condition of the close-chain as-
sembly of N spherical 4R linkages. By solving the equations sys-
tematically, deployable prismatic structures with origami patterns
can be obtained. Substituting Eq. (7) into Eq. (10) and expanding
the matrices, the following equations are obtained:

cos
Xn

j¼1

hj
4

 !
¼ cos

XN

j¼nþ1

hj
4

0
@

1
A (11a)

cos
Xnþ1

j¼2

hj
2

0
@

1
A ¼ cos

XN

j¼nþ2

hj
2 þ h1

2

0
@

1
A (11b)

sin
Xn

j¼1

hj
4

 !
¼ �sin

XN

j¼nþ1

hj
4

0
@

1
A (11c)

sin
Xnþ1

j¼2

hj
2

0
@

1
A ¼ �sin

XN

j¼nþ2

hj
2 þ h1

2

0
@

1
A (11d)

Xn

k¼1

sin
Xk

j¼1

hj
4

0
@

1
Asin ak

41

� �
Lk

kþ1

2
4

3
5

¼
XN�1

k¼nþ1

sin
XN

j¼kþ1

hj
4

0
@

1
Asin ak

41

� �
Lk

kþ1

2
4

3
5 (11e)

Xnþ1

k¼3

sin
Xk

j¼3

hj
2

0
@

1
Asin ak

23

� �
Lk�1

k

2
4

3
5

¼
XN

k¼nþ2

sin
XN

j¼k

hj
2þ h1

2

0
@

1
Asin ak

23

� �
Lk�1

k

2
4

3
5þ sin h1

2

� �
sin a1

23

� �
LN

1

(11f )

Fig. 5 Transformations T
ðj11Þj
UP and T

jðj11Þ
LP in UP and LP
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Xn

k¼1

cos
Xk

j¼1

hj
4

0
@

1
Asin ak

41

� �
Lk

kþ1

2
4

3
5

¼ �
XN�1

k¼nþ1

cos
XN

j¼kþ1

hj
4

0
@

1
Asin ak

41

� �
Lk

kþ1

2
4

3
5� sin aN

41

� �
LN

1 (11g)

L1
2 sin a2

23

� �
þ
Xnþ1

k¼3

cos
Xk

j¼3

hj
2

0
@

1
Asin ak

23

� �
Lk�1

k

2
4

3
5

¼�
XN

k¼nþ2

cos
XN

j¼k

hj
2þh1

2

0
@

1
Asin ak

23

� �
Lk�1

k

2
4

3
5�cos h1

2

� �
sin a1

23

� �
LN

1

(11h)

Xn

j¼1

cos aj
41

� �
Lj

jþ1 ¼ �
XN

j¼nþ1

cos aj
41

� �
Lj

jþ1 (11i)

Xnþ1

j¼2

cos aj
23

� �
Lj�1

j ¼ �
XN

j¼nþ2

cos aj
23

� �
Lj�1

j � cos a1
23

� �
LN

1 (11j)

in which Eqs. (11a), (11c), (11e), (11g), and (11i) are associated
with the LP, while the rest are with the UP.

When the intersection is projected to the plane that is perpen-

dicular to the ridgelines Zj
2, see Fig. 6, axes Xj

2 and Xj
3 are perpen-

dicular to sides j0 j0 þ 1ð Þ and j0 � 1ð Þj0, respectively. According to

the definition, the angle hj
2 that rotates from Xj

2 to Xj
3 positively

about Zj
2 should satisfy the following relationship:

hj
2 ¼ pþ/ j0 � 1

� �
j0 j0 þ 1
� �

(12)

The sum of the rotation angles around the ridgelines in each prism
is always

XN

j¼1

hj
2 ¼

XN

j¼1

hj
4 ¼ 2 N � 1ð Þp (13)

for any mobile configuration as the prism is kept closed. Equation
(13) makes Eqs. (11a)–(11d) satisfied. The efforts should be put

on the solution of Eqs. (11e)–(11j), which is a set of highly non-
linear equations. It is not possible to find the solution directly.
Thus, the assumption N ¼ 2n is made with the symmetric proper-
ties so that some useful solutions can be revealed.

3 Rigid Origami Patterns for the Deployable

Prismatic Structures

3.1 A 2n-Sided Prism With Plane Symmetric Intersection.
Considering a plane symmetric correspondence relationship, see
Fig. 7, the relationships between the side lengths should be

Fig. 7 The plane symmetric relationship between linkages in
the closed assembly

Fig. 8 A 2n-sided prism with plane symmetric intersections:
(a) quadrilateral, (b) hexagon, and (c) octagon

Fig. 6 The projection of the intersection to the plane perpen-
dicular to ridgelines Fig. 9 A four-sided prism with kite intersection
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Lj
jþ1 ¼ L2n�jþ1

2n�jþ2 (14a)

To obtain the explicit relationships between the twist angles,
Eq. (14a) is substituted into Eqs. (11i) and (11j), and the following
results are derived:

aj
23 ¼ a2n�jþ3

23 ; aj
41 ¼ a2n�jþ1

41 (14b)

Xn

j¼1

cos aj
41

� �
Lj

jþ1 ¼ 0;
Xn

j¼1

cos ajþ1
23

� �
Lj

jþ1 ¼ 0 (14c)

which associate with side lengths. Considering Eqs. (14a)–(14c),
the following relationships of rotation angles are derived from
Eqs. (11e) to (11h):

hj
2 ¼ h2n�jþ2

2 ; hj
4 ¼ h2n�jþ2

4 (14d)

According to the relationships in Eq. (14b), the corresponding
twist angles on sides j(jþ 1) and (2n� jþ 1)(2n� jþ 2) are equal,
which also constrain the intersection of the UP and LP into a pla-
nar polygon with plane symmetry, i.e., a quadrilateral, a hexagon,
an octagon, and etc., see Fig. 8. The symmetric plane is perpen-
dicular to the intersecting polygon and passing the diagonal con-
necting vertices I and nþ 1.

When n ¼ 2; the 2n-sided polygon is in a kite-shape with

cos aII
23LI

II þ cos aIII
23LII

III ¼ 0. An example is made from thick paper
in Fig. 9, whose folding process is shown in Fig. 10. The folding
unit in the metamaterial proposed by Schenk and Guest [27]
belongs to this deployable structure with plane symmetric kite-
shape intersection. The deploying/folding process of the kite inter-
section structure has two reversible phases, as shown in Fig. 10,
divided by the maximum height state (see Fig. 10(c)). First, as
shown in Figs. 10(a) and 10(b), the structure deploys from a com-
pact 2D state to a 3D structure, until it reaches the maximum
height as shown in Fig. 10(c). Then, it continues to fold into the
second compact 2D state, as shown in Figs. 10(d) and 10(e). The
second 2D state is significantly more compact than the first one,
which grants this structure with great application potential, espe-
cially for the situations that large working area is needed but only
limited spaces for transportation and storage are provided, such as
emergency shelters and outer space structures.

3.2 A 2n-Sided Prism With Rotational Symmetric Inter-
section. Similarly considering a rotational symmetric correspon-
dence relationship of the linkages in the closed chain, see Fig. 11,
the side lengths have the following relationships:

Lj
jþ1 ¼ Ljþn

jþnþ1 (15a)

The relationships between twist angles can be obtained through
Eqs. (11i) and (11j)

Fig. 10 The kite intersection prism deploys from the (a) first 2D state to (b) a 3D structure; after reaching (c) the maxi-
mum height, it folds from (d) the 3D structure to (e) the second 2D state

Fig. 12 A 2n-sided prism with rotational symmetric intersections: (a) quadrilateral, (b) hexa-
gon, and (c) octagon

Fig. 11 The rotational symmetric relationship between link-
ages in the closed assembly
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aj
23 þ ajþn

23 ¼ p; aj
41 þ ajþn

41 ¼ p (15b)

Considering Eqs. (15a) and (15b), the relationships between rota-
tional angles are derived from Eqs. (11e) to (11h)

hj
2 ¼ hjþn

2 ; hj
4 ¼ hjþn

4 (15c)

The relationships of twist angles in Eq. (15b) constrain the inter-
sections of the prismatic structures to planar 2n-sided polygons, as

shown in Fig. 12. Also, the corresponding angles on sides j(jþ 1)
and (jþ n)(jþ nþ 1) are supplementary. The symmetric centers
are the intersecting points of the diagonals connecting vertices j
and jþ n.

It should be pointed out that the 2n-sided prism with rota-
tional symmetric intersection is identical to the rigid-foldable
and flat-foldable cylinders presented by Tachi [14,15], which in
turn validate our kinematic model. In order to construct the
deployable prismatic structures from the scratch with an explicit
approach, we provide relationships of all the parameters in
Eq. (15).

Following the relationships, a four-sided foldable tube with par-
allelogram intersection is designed by mating eight rigid quadri-
lateral panels with revolute joints. The model is fabricated with
thick paper as shown in Fig. 13. The folding process of this four-
sided prismatic structure is shown in Fig. 14, including two phases
and two compact 2D states (see Figs. 14(a) and 14(e)). The
deploying process is reversible at any point as well.

4 Construction of Deployable Prismatic Structures

4.1 Variations of Unit. The deployable prismatic structures
obtained from Sec. 3 can be considered as units of rigid origami
pattern, whose geometric conditions have the following variations.

� Lengths of Sides: For the unit with plane symmetric intersec-

tion, the lengths Lj
jþ1 and L2n�jþ1

2n�jþ2 are equal and associate

with the twist angles as in Eqs. (14a) and (14c). For instance,
to design a four-sided unit with plane symmetric intersection
(see Fig. 15(a)), the lengths of the sides should satisfy

LI
II ¼ LIV

I , LII
III ¼ LIII

IV, and LI
II=LII

III ¼ � cos aIII
23= cos aII

23

¼ � cos aII
41= cos aI

41. For the unit with rotational symmetric

intersection, the lengths Lj
jþ1 and Ljþn

jþnþ1 are equal.

Fig. 13 A four-sided prism with a parallelogram intersection

Fig. 14 The parallelogram intersection prism deploys from (a) the first 2D state to (b) a 3D
structure until reaches (c) the maximum volume; then, it continues folding from (d) the 3D
structure to (e) the second 2D state

Fig. 15 Examples of unit variations: (a) the side lengths are all equal and two layers are sym-
metric to the intersecting plane; (b) the ridgeline lengths in different layers are independent;
and (c) the dihedral angles between two intersections are different
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� Value of the Twist Angles: When the rotation angles about
the ridgelines reach p simultaneously, i.e., hj

2 ¼ hj
4 ¼ p, both

prisms of the unit fold flat. According to Eq. (2), the follow-
ing relationship of the twist angles is obtained:

sin aj
23 sin aj

12 þ cos aj
23 cos aj

12 ¼ sin aj
34 sin aj

41 þ cos aj
34 cos aj

41

(16)

which is considered as the condition that allows the prismatic
structure to be flat foldable. In the four-crease vertex case, the
condition for flat-foldability at a vertex stated in the Kawasaki’s

theorem is aj
12 þ aj

34 ¼ aj
23 þ aj

41 ¼ p. Thus, the sum of twist
angles at one vertex is 2 p, which means the flat-foldable pattern
is generated from a flat piece of paper. The prismatic structures
derived in this work does not possess such constrain. It should be
noted that the prismatic structures cannot be made from a single
piece of paper without cutting or overlapping.

In the unit with plane symmetric intersection, the four twist
angles of linkage j are equal to the corresponding twist angles in
linkage 2n� jþ 2, and they have to satisfy the relationships in
Eq. (14c), which is associated with the lengths of the sides.
According to the relationships of twist angles in Eqs. (7) and
(15b), in the unit with rotational symmetric intersection, the four
twist angles of linkage j are independent, but supplementary to the
corresponding twist angles of linkage jþ n.

� Length of Ridgelines: The lengths of the ridgelines in one
prism, which align with axis Zj

2 and Zj
4, are independent from

other prisms. However, in order to construct deployable pris-
matic structures consisting of more than two prisms, the
lengths of the ridgelines in each prism should always guaran-
tee the intersections of the structure to be planar, see
Figs. 15(b) and 15(c).

� Dihedral Angles: The dihedral angles between the intersec-
tions of each prism are independent from other prisms. The

Fig. 16 A 2n-sided straight, multilayer prismatic structure with plane symmetric intersections
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dihedral angle em mþ1ð Þ represents the rotation from intersec-
tion plane m to mþ 1, positively in counterclockwise direc-
tion. As shown in Fig. 15(c), two dihedral angles
e m�1ð Þm and em mþ1ð Þ can be different. In case of parallel inter-
sections, the dihedral angles em mþ1ð Þ ¼ 0.

4.2 Multilayer Deployable Prismatic Structures. Due to
the rigid mobility and planar intersections of the unit, it is feasible
to build the deployable prismatic structures consisting of more
than two prisms. In order to keep the mobility, any two

neighboring prisms of the structure should follow the same set of
the relationships of the geometric and kinematic parameters. The
multilayer prismatic structures are able to be fold bidirectionally,
but not necessarily flat foldable. To achieve flat-foldability, the
additional condition in Eq. (16) must be satisfied. If all the inter-
sections in a multilayer prismatic structure lie on parallel planes,
i.e., all the dihedral angles em mþ1ð Þ equal 0, the structure is defined
as straight, otherwise, as curvy. The examples of straight pris-
matic structure with plane symmetric and rotational symmetric
intersections are shown in Figs. 16 and 17, respectively.

Fig. 17 A 2n-sided straight, multilayer prismatic structure with rotational symmetric
intersections
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For the structure with plane symmetric intersections, the planes
of the intersections can only rotate about the axes that are parallel
to the line pass vertices I and nþ 1, see Fig. 18(a). The connecting
ridgelines should fall on the plane that is perpendicular to the line
pass vertices I and nþ 1. In contrast, for the structure with rota-
tional symmetric intersections, the planes of intersections can
rotate about random axes, see Fig. 18(b).

Depending on the arrangements of the dihedral angles, curvy
prismatic structures have various configurations. If all the dihedral
angles are positive (or negative), i.e., em mþ1ð Þ > 0 (or
em mþ1ð Þ < 0), the intersections of the structure rotate in one direc-
tion, as shown in Fig. 19(a). If the dihedral angles change from
negative to positive, the S-shape curvy structure can be generated,
see Fig. 19(b). The dihedral angles in one structure can also be ar-
bitrary, which is shown in Fig. 19(c).

Therefore, in order to get the 2n-sided deployable prismatic
structure with a rigid origami pattern from scratch, Eq. (11)
should be satisfied. In order to get a 2n-sided deployable prismatic
structure which is flat foldable, Eq. (16) should also be satisfied
between every two prisms. To make models of the deployable
prismatic structure, the following design method is summarized:

First, design a prism with parallel ridgelines. The two open-
ends of the prism (intersections between every two prism in a
multilayer structure) should be planar 2n-sided polygons, with the
same number of sides and symmetry, namely, rotational symmet-
ric or plane symmetric. Depending on the symmetry, the relation-
ships between the geometric parameters should follow Eq. (14) or
(15). The open-ends of the prism can be parallel or not. Then,
based on the 2n-sided polygons of the existing prism, construct
the next prism. Repeating the process, a multilayer structure can
be constructed. It must be noted, for the deployable prismatic
structure with plane symmetric intersections, every ridgeline
should be in the plane that is perpendicular to the plane of symme-
try, and the structure can only be curvy about the axes that are par-
allel to the line passing vertices I and nþ 1. The deployable
prismatic structure with rotational symmetric intersections does
not possess such limitations.

5 Conclusion

In this paper, based on the kinematic property of spherical 4R
linkage, its mobile assembly has been constructed to form a closed
chain. The kinematic and geometric compatibility conditions of
the 1DOF mobile assembly have been derived and solved. There
are two groups of 2n-sided prismatic structures, one with planar
symmetry and the other with rotational symmetry. The folding
processes of both groups have been displayed. By manipulating
the independent parameters, such as the lengths of the sides and
ridgelines, as well as the value of the twist and dihedral angles,
the variations of the unit have been discussed and exhibited. The
multilayer deployable prismatic structures have been constructed
based on the variations of the unit. The straight and curvy multi-
layer prisms have been built depending on the configuration of the
dihedral angles between the intersecting planes. The general
design method for the 2n-sided multilayer deployable prismatic
structures has been presented with the geometric condition of the
origami patterns, which guarantees that all the deployable struc-
tures proposed here can be deployed and folded along the central
axis of the prisms with single DOF.

The prismatic structures presented here will have a large
deployable/foldable ratio when the flat-foldable conditions are sat-
isfied, which is necessary for certain engineering applications,
such as the masts for space station, expandable beams for satel-
lites, emergency shelters for temporary residence, and so on.
Figure 20 shows such a deployable structure working as a tempo-
rary tent.

However, due to the complexity of both the kinematic and geo-
metric compatibility conditions, we have yet to find the complete
sets of the solutions for all possible deployable prismatic struc-
tures, which is still an open question for future study. At the
moment, all the rigid origami tubular structures are made from
cardboard, whose folding and deployment are achieved through
the bending of the material allocating in the creases. How to use
rigid material and hinges to realize the motion of such structure is
another challenge, which involves the thick-panel origami.

Fig. 18 Construction of curvy prismatic structures with (a) plane symmetric intersection and
(b) rotational symmetric intersection
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